Abstract
Introduction w x
It is well known, that a large class of off-critical integrable models is related to affine Toda field theories 1 w x or RSOS-statistical models 2 , which possess a rich underlying Lie algebraic structure. Since these models can be regarded as perturbed conformal field theories, it is suggestive to recover the underlying Lie algebraic structure also in the conformal limit. Of primary interest is to identify the conformal counterparts of the off-critical particle spectrum. One way to achieve this is to analyze the quasi-particle spectrum, which results Ž . from certain expressions of the Virasoro characters x q or their linear combinations. Hitherto this analysis was w x mainly performed 3 for formulae of the form Here r is the rank of the related Lie algebra g, the matrix A coincides with the inverse of the Cartan matrix, B Ž .
l Ž k . characterizes the super-selection sector, q :s Ł 1 y q , and there may be certain restrictions on the l k s1 w x summation over l. Following the prescription of 3 one can always obtain a quasi-particle spectrum once a Ž . character admits a representation in the form of Eq. 1 . It should be noted that such spectra can not be obtained Ž . form the standard form of the Virasoro characters 10 .
In the following we will demonstrate that one also recovers Lie algebraic structures in certain Virasoro characters or their linear combinations which admit the factorized form Ž w x . Ž . Ž . In many cases see 4,5 for details expressions of the type 2 can be rewritten in the form 1 , but now A is entirely absent or, at most, is a diagonal matrix. There are no restrictions on the summation over l, and we allow Ž y . Ž w x. terms of the form q in the denominator which may be regarded as an anionic feature 5 . respectively. In the course of our argument, i.e. when we consider the difference of the Virasoro characters, we will also need the notion of the secondary effective central charge
Ž .
where h XX is the next to lowest conformal weight occurring in the model.
ADE structure
Let g be a Lie algebra of rank r and h be its Coxeter number. We define the following function related to g Ž . Ž . Of course Eqs. 12 -16 are only to be understood as a first hint on a possibility for characters in the g Ž . corresponding models to be of the form J x,q . In order to make the identifications more precise, we have to w x resort to more stringent properties of the characters. We shall be using previously obtained results 4,10 on Ž . w x representation of characters of minimal models in the form 2 . In Ref. 10 it was proven, that for M s 0 and Ž . x / x for i / j in 2 the only possible factorizable single characters are i j
Combining now characters in a linear way, the property to be factorizable remains still exceptional. It was w x argued in Ref. Ž . Ž . Remarkably, as we demonstrate in Table 2 , all identifications presented in 12 -16 can be realized in terms Ž . Ž . g Ž . of characters with the help of 17 -23 . In particular, we identify J q with the following characters
Since these identifications hint on the connection with massive models, i.e. affine Toda field theories, it is somewhat surprising that also the non-simply laced algebras G and F occur in Table 2 4 . No connection is 2 4 Ž . Ž . known between G -and F -affine Toda models and 3,4 and 2,7 minimal models, respectively. At present it 2 4 seems to be just an intriguing coincidence. Ž . It is interesting to notice that, as seen from 
Ž
. with w obeying the condition w q w s hr2 q 1 also occurs see Table 3 . a r ya
Compactified free Boson
In general the Fock space of a free boson may simply be constructed from a Heisenberg algebra and thê Ž Ž . . ' square radius R s 2 srt one can associate highest weight representations of a U 1 -Kac-Moody algebra to k Ž . w x this theory. The U 1 -algebra has an integer level, which is k s st. The corresponding characters read 7
Ž . Ž .ˆÝ 
Formally this expression also holds for odd n, albeit in this case the right hand side may not be interpreted as D n Ž . the character related to a compactified boson. Therefore we need another way to construct J q in case n is n Ž . n Ž .
Ž . odd. For this purpose we consider the combinations x q " x q which are analogues of 19 . Inm n ym y Ž . particular, the q ™ 1 limit of these sums and differences is governed by c s c s 1 and c. According to 5 eff and the possible values for the highest weights we have c s 1 y 6rn. Table 3 Ž . Representation of characters in the form of 25 . For the arguments in bold the same convention applies as in 
Here n s 6 l " 1, l g N if we really regard all components on the r.h.s. Ž w x. The A -series of affine Toda theories is known to be related in the ultra-violet limit see e.g. 6 to the From our observations made above for characters of the ADE related conformal models one may expect that Ž . Ž expressions 34 exhibit A -type structures e.g. possess n quasi particles and moreover acquire the form of the n A n Ž .. type J q in some of the cases when they admit a factorized form. We shall now discuss this issue in detail for several of the lowest ranks. Ž .Ž . c s c k ky 6 rk. This is confirmed by all the examples given below.
Ž . Ž For the parafermionic formulae 34 we do not have such powerful analytical tools analogues to the Ž . Ž . . factorization formulae 17 -23 at hand as in the case of the minimal models. Therefore, as a first step, we resort to an analysis with Mathematica. Typically we expand the characters up to q 100 . Ž Ž . . A : In this case there are only three distinct up to the symmetries 35 characters and they can be matched 1 Ž . with those of the 3,4 minimal model:
Thus, all the characters in this case are factorizable and moreover J q is present among them. Ž . A : There are four distinct characters in this case and they can be matched with those of the 5,6 minimal 2 model: To conclude the discussion on factorizable parafermionic characters, we notice an intriguing fact -some Ž . characters in the A case exhibit an E structure cf. Tables 2 and 3 
This is the first case in which we have to combine three characters in order to obtain a factorized form. A more detailed account on the factorization of A -related characters will be presented elsewhere. L -the size of the system. A quasi-particle spectrum constructed in this way is in one-to-one correspondence to the corresponding irreducible representations of the Virasoro algebra or some modules related to linear combinations. It is crucial to stress that this procedure is not applicable to the standard representation of the Ž Ž . . Ž. Ž. characters i.e. of the type 10 and is a very specific feature of the representations 1 and 2 . Note that the Ž . Ž modules which are of the form 1 do in general if they do, they give rise to Rogers-Ramanujan type identities w x.
Ž . 4 not factorize, such that the spectra related to 2 do not only differ in nature from the ones obtainable from Ž . 1 , but are also related to different sectors.
As just explained, a quasi-particle representation can be constructed for any factorizable character of the type Ž .
Ž . 2 provided that x / x . For instance, the characters 27 related to a compactified boson admit a representai j Ž . tion with 2 k q 1 particles. However, since we are particularly interested in spectra with Lie algebraic features, g Ž . it is most natural to perform the quasi-particle analysis for the characters which admit the form J x,q . In Ž Ž . . this way we obtain the following fermionic spectrum if we employ the series involving P P n,m in the units of 2prL Ž . that Ý N s N , whereas in Eq. 48 they are arbitrary non-negative integers. Notice that for the combination is1 a a of characters the levels may be half integer graded, such that also the momenta take on half integer values in this case. A sample spectrum is presented in Table 4 which illustrates how the available momenta of the form Ž . 48 are to be assembled in order to represent a state at a particular level. Naturally the questions arise if we can interpret these spectra more deeply and if we can possibly find alternative representations for the related modules. First of all we should give a meaning to the particular w x combinations which occur in our analysis. In Ref. 4 we provided several possibilities. In particular the 5,6 Ž . 
